We extract a numerical value for the strong coupling constant α s from the τ lepton decay rate into nonstrange particles. A new feature of our analysis is its renormalization scheme invariance. We obtain α s (M τ ) = 0.3184 ± 0.0060 exp in the MS scheme which corresponds to α s (M Z ) = 0.1177 ± 0.0007 exp ± 0.0006 hq mass . This new numerical value is smaller than the standard value from τ -data quoted in the literature and is closer to α s (M Z ) values obtained from high energy experiments.
The physics of τ lepton hadronic decays is an important area of particle phenomenology where the theory of strong interaction (QCD) can be confronted with experiment to a very high precision. The central quantity of interest in this process is the spectral density of hadronic states related to the two-point correlator of hadronic currents with well established and simple analytic properties. The accuracy of experimental data for a variety of observables of the τ lepton system is rather good and is steadily improving [1, 2, 3] . The spectral density itself (more precisely, the two-point correlator of hadronic currents in the Euclidean domain) has been calculated with a very high degree of accuracy within perturbation theory (see e.g. [4, 5, 6, 7] ). Nonperturbative corrections to the correlator are known to be small and under control within the OPE [8, 9] . The observables in the τ system are inclusive in nature which makes the comparison of experimental data with theoretical calculations very clean [10, 11, 12, 13, 14, 15, 16] . Of some particular interest is the precise determination of the numerical value of the strong coupling constant at the low energy scale of the τ mass. Within the renormalization group approach this number can then be evolved to high energies. This is a powerful consistency check of QCD since one is comparing hadron physics at a tremendous variety of scales, from one to hundreds of GeV (e.g. [17] ).
In the present note we provide a thorough analysis of the procedure of extracting numerical values of α s from τ -data in finite order perturbation theory. The expectation of the high accuracy on the theory side is sustained by the existence of very accurate perturbation theory formulas and the simplicity of the renormalization group treatment of the massless quark case. However, the numerical value of the expansion parameter α s is not small at the τ scale and the contribution of higher order terms can be significant. Even arguments have been brought forth that the accuracy of finite order perturbation theory is already close to its asymptotic limit which makes the interpretation of perturbation theory series in higher orders necessary [18] .
The decisive new point of our analysis in finite order perturbation theory is the ex-plicit renormalization scheme invariance of our procedure of extracting a numerical value for the coupling constant. Renormalization group invariance is a fundamental property of perturbation theory in quantum field theory which is related to the freedom in defining the subtraction procedure [19] . This feature should be respected in any numerical analysis.
The normalized τ lepton decay rate into nonstrange hadrons h S=0 is given by
where N c = 3 is the number of colors. The first term in eq. (1) is the parton model result while the second term δ P represents perturbative QCD effects. For the flavor mixing matrix element we use |V ud | 2 = 0.9511 ± 0.0014 [3] . The factor S EW = 1.0194 is an electroweak correction term [20] and δ EW = 0.001 is an additive electroweak correction [21] . The nonperturbative corrections are rather small and consistent with zero; we use δ N P = −0.003 ± 0.003 (see e.g. [13] 
one obtains
The basic object of the theoretical calculation is Adler's D-function which is computable in perturbation theory in the Euclidean domain. In the MS scheme the perturbatve expansion for the D-function is given by
where the running coupling is normalized at the scale µ = Q. The coefficient k 3 is still unknown which prevents us from using the last term in eq. (4) for our analysis. We nethertheless list this term throughout the paper to obtain a feeling for the possible magnitude of the O(α 4 s ) correction using 0 < k 3 < 50 as an educated guess.
In the MS scheme the perturbative correction δ P is given by
where the coupling α s is taken at the scale M τ = 1.777 GeV.
Usually one extracts a numerical value for α s (M τ ) by treating the first three terms of the expression eq. (5) as an exact function -the cubic polynomial. The root of the cubic polynomial is
The quoted error is due to the error in the input value of δ exp P . We call this method the standard method. If some other procedure is used (for instance, some other intermediate renormalization scheme) the extracted numerical value can be rather different. In practice higher order corrections omitted in the standard treatment can be numerically significant because the numerical value of the coupling itself is not small [22] .
In the following we suggest a new procedure for extracting α s from eq. (5). The renormalization group equation
is solved by the integral
where the indefinite integral Φ(a) is normalized in the following way
Here β 2 (a) and β(a) denote the second order and full β function
The coefficient β 3 is known in the MS scheme [23] . The solution (8) of the renormalization group equation (7) describes the evolution trajectory of the coupling. This trajectory is parameterized by the scale parameter Λ and the coefficients of the β function β i with i > 2.
The evolution is invariant under the renormalization group transformation
with the simultaneous change
β 0,1 left invariant and
The renormalization group invariance of eq. (8) is violated only in higher orders of the coupling which we consistently omit. The integration constant in eq. (8) is adjusted such that the asymptotic expansion at large momenta reads
This serves to define the parameter Λ.
Our procedure for the extraction of α s respects the renormalization group invariance of the evolution trajectory. We introduce an effective charge a τ through the relation [24, 25] δ th P = a τ (13) and extract the parameter Λ τ which is associated with a τ through eq. (8), the effective β function and the experimental value for a τ (M τ ) = δ exp P . For the effective β function coefficients we find
The extraction of the numerical value was done in NNLO. The coefficient β τ 3 does not enter the analysis. The parameter Λ MS is found according to eq. ( ) and the β function in the MS scheme.
Our procedure is renormalization group invariant: one can start from the expression for the rate obtained in any scheme. We never estimate the quality of convergence in uncertain terms as e.g. 'further terms are smaller than previous ones'. The only perturbative objects present are the β functions. Both β MS and β τ , however, converge reasonably well which is the only peturbation theory restriction in our method. It also shows the limit of precision within our procedure: the expansion for β τ is believed to be asymptotic as any expansion in perturbation theory. The asymptotic expansion provides only limited accuracy for any given numerical value of the expansion parameter which cannot be further improved by including higher order terms. The expansion used is presumably rather close to its asymptotic limit as can be seen by looking at the expansion
with a τ ∼ 0.1 at the scale M τ . The convergence of the series depends crucially on the numerical value of k 3 . If k 3 has such a value that the asymptotic growth starts at third order then further improvement of the accuracy within finite order perturbation theory is impossible.
At every order of the analysis we use the whole information of the perturbation theory calculation. Especially, the appropriate coefficient of the β τ -function is present. In the standard method the coefficient β τ 2 enters only in the O(α 4 s ) order of the τ decay rate expansion. With the renormalization scheme invariant extraction method (RSI) described above we find for the coupling constant in the MS scheme α RSI s (M τ ) = 0.3184 ± 0.0060 exp (16) which is smaller than the corresponding value obtained within the standard procedure eq. (6).
At present the reference value for the coupling constant is normalized at the scale M Z = 91.187 GeV. The running to this reference scale is done with the four-loop β-function in the MS scheme [23] and three-loop matching conditions at the heavy quark (charm and bottom) thresholds [26] . For the threshold parameters related to heavy quark masses we use 
where the subscript exp denotes the error originating from δ (17) is slightly higher than that calculated from high energy experiments [3] . The theoretical perturbative expansions for observables in high energy experiments converge numerically better than expansions at low energies because the coupling which is a parameter of the perturbative expansion is smaller due to the property of asymptotic freedom. This feature of theoretical formulas for the high energy experiments makes it less important to treat carefully the higher order terms as compared to the low energy τ lepton estimates. However the experimental data in high energy experiments are usully less precise which leads to large errors in the α s determination.
The fact that the value in eq. (17) is higher than that calculated from high energy experiments caused some discussion about the reliability of estimates from the τ lepton data. Our analysis resolves this problem. The running of α 
where we have kept five decimal places in order to exhibit the magnitude of different sources of uncertainty.
Eq. (18) constitutes main result of our analysis for the coupling α s (M Z ).
The OPAL collaboration has reported an experimental value of R exp τ S=0 = 3.484 ± 0.024 [2] . This leads to δ 
This value is close to the one in eq. (18) based on the ALEPH data.
As we have already noted the interpretation of higher order terms of perturbation theory expansions is numerically important for the analysis of the τ -data. The regular method of resummation of higher order perturbation theory corrections based on direct integration of renormalization group improved correlators over the contour in the complex Q 2 plane [14] .
This method resums corrections generated by the running of the coupling constant along the integration contour and is now widely used for the analysis of the τ -data. We now briefly comment on the extraction of the strong coupling constant within resummed perturbation theory. As in ref. [28] we fit the theoretical expression for the rate in the contour improved approach (CI) to the experimental result δ exp P eq. (3) and find within the renormalization scheme invariant extraction method described above
This value differs from the finite order perturbation theory result eq. ( To conclude, we have extracted the numerical value of the strong coupling constant from τ data using a renormalization scheme invariant procedure. The numerical value for the coupling constant is systematically smaller than within the standard treatment. When evolved to M Z our MS scheme value for the coupling constant extracted in finite order perturbation theory reads α s (M Z ) = 0.1177 ± 0.0007 exp ± 0.0006 hq mass .
This value is closer to the number of α s derived from high energy experiments than previous determinations of α s from τ data.
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